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PARTITIONS ASSOCIATED WITH THE RAMANUJAN/WATSON MOCK 
THETA FUNCTIONS co{q), iy{q) AND (j){q) 

GEORGE E. ANDREWS, ATUL DIXIT, AND AE JA YEE 


Abstract. The generating function of partitions with repeated (resp. distinct) parts such that 
each odd part is less than twice the smallest part is shown to be the third order mock theta 
function cu(g) (resp. ^{—q)). Similar results for partitions with the corresponding restriction 
on each even part are also obtained, one of which involves the third order mock theta function 
4>{q). Congruences for the smallest parts functions associated to such partitions are obtained. 
Two analogues of the partition-theoretic interpretation of Euler’s pentagonal theorem are also 
obtained. 

1. Introduction 


Partition-theoretic interpretations of various results involving mock theta functions have been 
the subject of intense study for many decades. For instance, Andrews and Garvan m reduced 
the proofs of ten identities for the fifth order mock theta functions given in Ramanujan’s Lost 
Notebook [28l p. 18-20] to proving two conjectures based on the rank of a partition, and on 
the number of partitions of an integer with unique smallest part and all other parts less than or 
equal to the double (or one plus the double) of the smallest part. These conjectures, titled as 
Mock Theta Conjectures, were first proved by Hickerson [25]. 

A mock theta function itself may also admit a simple and interesting combinatorial interpre¬ 
tation. For example, consider yi (o), one of the fifth order mock theta functions of Ramanuian, 
defined by [Ml p. 278] 


xi{q) ■■= X 




where {a]q)n ■= nj=o(l “ 

It is easy to see that qxiiq) is the generating function for partitions in which no part is as 
large as twice the smallest part. Similarly another fifth order mock theta function [311 p. 278], 
namely 

Xo{q) := 


can be interpreted [21 Lemma 2] as the generating function for partitions with unique smallest 
part and the largest part at most twice the smallest part. There are other mock theta functions 
that admit combinatorial interpretations when different restrictions are put on parts of the 
corresponding partitions, for example the third order mock theta function 'ipiq) |21[ p. 57], and 
the seventh order mock theta function f{q) |in[ Theorem 4]. 
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In the present paper, among other things, we consider partitions of an integer in which each 
odd (even) part is less than (at most) twice the smallest part. For the odd case, the generating 
function surprisingly turns out to be quj{q) (see Theorem 13.ip . where oj{q) is the third order 
mock theta function due to Ramanujan and Watson defined by [12], [28l p. 15], |30l P- 62] 


^{(i) ■= 

n=0 


^2n^+2n 


( 1 ) 


If we put an additional restriction that the parts be distinct, then the generating function of such 
partitions is I'i—q) (see Theorem 14.Ij) . where v{q) is another third order mock theta function 
defined by [T^], [2H1 P- 31], [Ml P- 62] 


-(«) := E 




( 2 ) 


For partitions in which each even part is less than or equal to twice the smallest part, the 
generating function, as can be seen from Theorem 13.31 involves the function R{q) defined by 


R{q) ■■= E 


("f) 


n=0 


{-q-,Q)r 


(3) 


The function R{q) appears in the Lost Notebook and was analyzed in [7| . Again restricting the 
parts in such partitions to be distinct leads us to a yet another third order mock theta function 
as a part of a representation for the generating function for these partitions (see Theorem 14.2p . 
This mock theta function, namely 

OO „2 

4 >{q) ■= E f_q2.q2\ ’ 

itself does not have a simple partition-theoretic interpretation m p- 58]. 

Let Pu]{n) denote the number of partitions of n in which each odd part is less than twice the 
smallest part. As discussed previously. 


OO 

n=l 


Garthwaite and Penniston [22| showed that the coefficients a^{n) of oj{q) satisfy infinitely many 
congruences of the similar type as Ramanujan’s partition congruences. It is trivial to see that 
Puj{n) = aui{n — 1). Waldherr [29| proved first explicit examples of such congruences, suggested 
by some computations done by Jeremy Lovejoy, which in terms of Pu}{n), can be written as 


Paj(40n + 28) = 0 (mod 5), 
Poji^On + 36) = 0 (mod 5). 


Let Pu{n) denote the number of partitions of n into distinct parts in which each odd part is less 
than twice the smallest part. 

The smallest parts function spt(n), counting the total number of appearances of the smallest 
parts in all partitions of n, has received great attention since it was introduced in [9]. For 
generalizations and analogues of spt(n), we refer the reader to [T3|, [T8], [20], [23|, [26| and [27] . 

If spt^(n) and spty(n) denote the number of smallest parts in the partitions enumerated by 
Puj{n) and Pi,{n) respectively, then we show that the following congruences hold: 

spt^(5n + 3) = 0 (mod 5), 
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spt^^(10n + 7) = 0 (mods), 
spt^^(10n + 9) = 0 (mods), 
sptj,( 10 n + 8 ) = 0 (mods). 

As shown in Section [ 6 l the first three congruences result from the following q-series identity: 


E 


(9;9)ng" 


oo 


nq 


^ (g;g2)„(l_gn)2 


+ E 


n=l 


( —1)”(1 + g2n^^n(3n+l) 

(1 - g2n)2 


(5) 


In fact, it was this identity that led us to investigate the aforementioned partitions and their 
connection with third order mock theta functions. This identity can be obtained by taking the 
second derivative of a special case of a io(/> 9 -transformation (see Equation (fTSi) below) due to 
Bailey [H Equation (2.10)], [171 Equation (6.3)]. The details are given in Section [ 6 l 

Differentiatiation of identities in basic hypergeometric series with respect to a certain vari¬ 
able and then specializing them has been proved to be very useful in obtaining other important 
g-series identities [l 6 ] , m, in constructing new Bailey pairs [ 8 ] . It also yields results with impor¬ 
tant partition-theoretic implications [ 9 ], m, m- Bailey’s aforementioned io(() 9 -transformation 
is no exception to this. 

We note that the series similar to the left-hand side of ([5]), namely 


^ {Q'i Q)nq'^ 

(9^;9^)n(i - 

does not, however, seem to have a representation similar to that in ([5|). Also there do not seem to 
hold the corresponding congruences for the smallest parts function associated to the partitions 
in which each even part is less than or equal to twice the smallest part. 

This paper is organized as follows. The preliminary results are provided in Section [2j In 
Section [3j we consider partitions in which each odd (even) part is less than (at most) twice 
the smallest part, and in which repetition of parts is allowed. Such partitions where only the 
smallest part is not allowed to repeat are also studied. SectionjUis devoted to studying partitions 
into distinct parts in which each odd (even) part is less than (at most) twice the smallest part. 
Two analogues of Euler’s pentagonal number theorem [H p. 11, Corollary 1.7] are obtained in 
Section [5l The congruences satisfied by the smallest parts functions associated with some of 
the partitions considered in Sections [3] and 0] are proved in Section [6l Einally in Section [71 we 
generalize two of the results obtained in the previous sections to those involving generalized 
third order mock theta functions. 


2. Preliminary results 


We give below the standard results from the literature which will be used in the sequel. 
Throughout the paper, q denotes a complex number such that \q\ < 1. Euler’s identity [211 p. 
222, Equation (8.10.9)], which shows that the number of partitions into distinct parts equals 
that of partitions into odd parts, is expressed in terms of generating functions by 


{-q-,q)oo 


1 

iq;q^)oo' 


( 6 ) 


where {a;q)oo ■= lim„^oo(a; Q')n- 

Eor \z\ < 1, the ( 7 -binomial theorem is given by [H p. 17, Equation (2.2.1)] 


OO 


E 

n=0 


{a;q)nz'^ 


{az\q)oo 

{.z'l q)oo 


{q-,q)n 


( 7 ) 
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Its special case a = 0 gives another useful formula due to Euler [H p. 19, Equation (2.2.5)]: 

- a I 


E 

n=0 


(q;q)n (z;q)c 


Ramanujan’s ii/^i summation formula |24l p.239, (II 29)] is given by 

{az;q) 

OO {q/{az)-,q) 

OO (g;g) OO {h/a]q) 

C 


(q; g)n ^n _ 


(6; q)n [z] g)oo(V {az);q)oc{b; q)oo{q/a] q)c 


Let the Gaussian polynomial 


n 


n 

-1 

m 


m 

7 1 


be defined by [U p. 35] 

(g; q)n{q-, q):;^{q; q)n-m^ if 0 < m < n, 
0 , otherwise. 


Erom [H p. 36, Equation (3.3.7)], we have 

OO 

j=0 


N + j-1 

j 


and from [H p. 37, Equation (3.3.8)], 

m 

i=o 


m 


_j _ 



{q]q^)n, ifm = 2n, 
0, if m is odd. 


Moreover [H p. 21, Corollary 2.7], 

“ (a;g)„(7-(-+i)/2 


E- 

n=0 




= i-Q] Q)ooiaq] q‘^)c 


Next, a g-analogue of Gauss’ second theorem is given by [U Equation (1.8)] 

(a; q)n{b; q)^(aq; q^)oo{bq] q^)oo 


E 

n=0 


(q;q)n(qab;q^^ 


{qab; q^'^ 


(8) 


(9) 


( 10 ) 


( 11 ) 


( 12 ) 


(13) 


The following four-parameter g-series identity [5l p. 141, Theorem 1] will be frequently used in 
the proofs of our theorems: 


{B-,q)ni-Abq-,q)nq'^ 
^ {-aq',q)n{-bq;q)n 


E 


-a ^{B;q)oo{-Abq-,q)oo ^ ^ 9)m ( j) 


(-—■ q) 

m=0 t a ’ ^/m+1 


{-bq]q)oo{-aq;q)o 

(-a"^;g)m+i {-b) 

\ / m 


+ (i+(>)E 


m=0 


-B ) ^ 

a ’ I a ’ y 


(14) 


m +1 
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Finally, we note Bailey’s io </>9 transformation [6l Equation (2.10)], [171 Equation (6.3)]: 


lim 1009 

N—>CO 


where 


„-2N „-2N+l 

aq^ aq aq^ aq aq^ 2 A +2 2 N +1 2 

-, —, -, —, —r, aq^‘'‘+^, pfp^f 

Pi Pi P2 P2 J 


^a, q^y/a, -q^y/a, pi, piq, p2, P2q, f, 
/a, —\/a 


g (P^’^)n{p2-,q)n {f,q^) 


aq \ aq 
Pl /ooVP2 


1=0 {q;q)n{aq-,q^)n (y;g 


{ai]q)n{a2]q)n - ■ ■ {ar]q) 


ai,a2,...,Or \ ._\ ^_ 

61,62,...,6s’’ y ■ ^ {q-,q)n{bi-,q)n---{hs-,q), 




aq 

P 1 P 2 


, (15) 


3. Partitions with repeated parts 
Theorem 3.1. Let uj{q) he defined in ([I]). Then, 


E 


q" 


(l-q^)(q^+^;q)n(q^^+^;q^)oo 


= q^{q)- 


(16) 


Remark. The series given in the theorem is clearly the generating function for partitions in 
which each odd part is less than twice the smallest part. 

Proof. First from m p.62. Equation (26.88)], 

iy{q) Pquiiq'^) = {-q^] q^fooiq^'^ 9^)oo, 

where 12 [q) is defined in ([2]). 

Second, in (fH)l . replace qhy q^, then set B = q'^, a = —b = q, and let ^4 —)• 0. This yields 

^ -q [q ,q )oo q , x [-q ,q )m+iq 


E 

n=0 


{q^;q 


(^6.^41 


(g6;g4' 


E 


“ m.|)( 


+ (1-9)E 


m=0 


{-q;q^)m+i 


Finally replace g by in Q, then set a = —q,b= —q^,z = q and simplify to obtain 


E 


(g-'-.i 


4. ^4^2 
00 


^^l + q2m+l {q2.q^)2^- 


We are now ready to prove the theorem. 


(17) 


(18) 


E 


q 


2n 


^^(l_^2n)(^2n+2.^2)^(^4n+4.^4)^ 

- g^-+^(g^;g^)n 

(9^;9^)2n+2(g‘^”+®;g'^)oo 

1 ^ q^-^Hq^;q^)n 


(9^9^)oo§(i-g2)(g®;g^)n 
“ q^-{q^-,q^) 

(g4;g4)oo(l _g2) ^ (g6;g4)^ 


E 
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°° m =0 " + ^ 


2m+l 


“ -(I) + (1 - 9)(1+Y') E rr^ 

( 1 \ 

= q{-^{q) + (9^;g'^)oo(-g^;9^)L) 

= q{-^{q) + {-q^\q^)lo{q^\q^)oo) 

= qMq^), (19) 

where the fourth step follows from (|17p . and the sixth and seventh steps follow from (1181) and 
(HI) respectively. This proves (fT6l) with q replaced by and thus completes the proof. □ 

We now give another proof of the above theorem. We begin with a lemma that is also used 
in the subsequent sections. 


Lemma 3.2. We have 

OO L 

q2 


E 


Er 


t+n \ _ qin+l 

n=0 ^ 


n=o ^ + q'^ 

Proof. For obtaining the first equality, note that 

OO IL 

q2 




^3n 


I — (jin+S 

n=0 ^ n=0 


2 

—' 1 _ ' 

=0 q^ 


E 


E 


71=0 1 + ^^"^” n=0 


2-^ I _ ql+2n 


E^ 


g”(l - 




+ E 


5+n 


n=0 

OO 

n=0 

OO 


n=0 
.,3n+2 


(1 - q2+^^) 

I — Q4n+3 


r_ 

_ „4n+l / 1 _ „4n+3 


Er 

n=0 


'MEi 


.3n _ 

_^4n+l / ^ 1 _^4n+3 


^n =0 


Er 

n=0 


°° q3n+2 


_ fjin+1 '2 ^ 1 _ fjin+3 ’ 

n=0 * ^ n=0 ^ 


( 20 ) 


Since 


Er 


.,3n 


_ (j4n+l 

n=0 ^ n=0 m=0 


E«“"E 


OO OO 

{4n+l)m _ 


E^^E'! 

m=0 n=0 


OO OO 

(4m+3)n _ 


Er 

n=0 


_ (^4n+3 ' 


For the second statement, we employ the same method to see that 


E 




=0 q n=0 


E 


(—l)”g 2 (1 + ( 72 +”) 


X _ gl+ 2 n 


/ ^ X — o‘i”'+i 4-7 

n=0 ^ 

OO 

Er 


00 i 


n=0 

°° q3n+2 


— (j4n+l ^ ^ X — (74n+3 

n=0 ^ n=0 ^ 


g 2 +^(X + q2+^^) 

X — g4n+3 

/ OO 

Er 


..3n 


^n =0 


V_ - _ 

_^4n+l / _^4n+3 


n=0 


( 21 ) 
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°° g3n+2 


^ ^ ^ ^ — ^4ti+3 ’ 

n=0 ^ n=0 ^ 

where the last equality follows from (|21ll . 

Second proof of Theorem 13.11 First, 


□ 


E 


E 


g’"(g;g)n 

^ (g^;g)n+i(g2”+2;g2)oo ^ ’ 

as can be seen from the third step in (I19p . 

We now set a = —b = A~^ = and let i? —>• 0 in (fill) to obtain 


( 22 ) 


E 




E + (1 - E 


(g3;g2 

-g-V^(g;g)c 

{q^',q^)oo 


m=0 

oo 


m=0 




qml2 


m=0 

00 


m=0 
/ 00 


1 + ql/2+r, 


E +,-‘'^(1 -,) (E E r 

W ,9 loo 


™3n 


^n =0 


n=0 


_ qin+S j ’ 


where the last equality follows from Lemma 13.21 
We now use (H8t) , later proved in Theorem 14.11 of Section 0) 


OO 

E q^)m{-q)'^ = {-q^; q^)oc,'4^{q^) - qu}{q^) = ^^4.^4-, 


m=0 


where [H p. 23, Equation (2.2.13)] 


n=0 


(23) 


(24) 


(25) 


The last equality in (1241) follows from ([6]). From 

U/2 


E 




This completes the proof. 


= q w(g) - 
= q w(g). 


q 


(^q2.q2 


, and (p4|) . we obtain 


^'(g)-E i_E+i +g'E 


-,3n 


_ — gin+l ^ / -! \ _ Qin+3 

n=0 ^ n=0 ^ 


(26) 


Remark. As a by-product of (|26h . we obtain the identity 


(„2.„2\2 „n °° „3n 


(g;?' 


_ ^4n+l 1 _ «4n+3 ' 

°° n=0 " ^ n=0 ^ 


We now obtain a representation corresponding to Theorem 13.11 for the generating function of 
partitions in which each even part is at most twice the smallest part. 
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Theorem 3.3. With R{q) defined in 0, we have 


q" 




oo 


Proof. First we have 


E 


^ (9*"; g^)oo ^ («; q)2niq'^'^^'^;q‘^)oo 


E 


( 9 ; 9^)oo ^ 1 + 


q"'iq-,q)n-i 


E 


q'^iq;q)n 

(g;g 2 )^(l _ q2) ^ • 

Set b = —a, A = a~^ and let i? —)• 0 in (fT4l) to obtain 

q^{q',q)n _ —a~^{q]q)oo _^ ^ , n {—a~^',q)m+ia'^ 

r„2^2.„2v_ “ rn2^2.^2v_ Z^W,q)m[ q/a) + U (-g/a; g)m+i 




m=0 


E + «-‘(i - a") E ,_^Ci/ 

(a2g2; g2j n ^ 9 ^ 7^ 

^ ^ m=0 n / 


m=0 


Note that 


^(a;g)m(-g/a)™ = lm2<7'i 9,• 

m =0 \ / 

Heine’s second transformation m p. 241, Equation (III.2)] of 2 <Zi gives 

'^{a;q)mi-q/a)"^ = lim2<Zi (^'f‘,q,-q/a^ 
m =0 V / 


{c/q-,q)oo{-q^/a;q)oo ^ f-q^lc,q_ 

= hm —-^- 2 <Zi ( _^ 2 /^ 


(c;g)oo(-g/a;g)c 

(-g 2 /a;g)c 


2 /„ ; 9 ,c/g 


^n+l\ 


E 


{-q/a-,q)oc ^(-gVa;9)r 


Substituting ([2^]) into (1^51) . we see that 


9 / X OD 

"'^oo q 


m 


^ q'^{qw)n ^ -a Hg;g)oo(-gV«;g)oo 

^ (a2g2; g 2 )^ (Q 2 g 2 . ^ (-g2/a; g), 

and when a = q, this becomes 


+ a X] 


^ l + g™+Va 

m=0 


CX)„/\ _1/\00 oo 

g (g;g)n ^ -g (g;g)oo ’ I - 1/1 _ 2i 

Z^('/,4.„2V_ 9l/r4.„2V_ ^ '' ^ 


^(g4;g2)„ 2(g4;g2)^ ^(_g;g) 


n=0 


l + g’’ 


Now substitute (l30l) into (1271) to obtain 


E 


('n+l') 


1 gl 2 ^ 1 


E 


(g";g)n+i(g 2 "+^g 2 )oo 2 ^(-g;g)„ (g; g^)oo ^ 1 + g*"' 

This completes the proof. 
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3.1. Aforementioned partitions with unique smallest part. In this section, we consider 
the aforementioned partitions with the only additional restriction being that the smallest part 
cannot repeat. 


Theorem 3.4. The following is true: 


E 




= -1 + i-q-,q)oc- 


Proof. First note that 


q'^iq-,q)r 


E 


- oo 


Set a = —b = A = —1 and let —)■ 0 in (fH|l to see that 

q'^{q-,q)n {q;q) 


E 


From (l3T]l and (f32]l . 

OO 

E 




q" 




A S'"'’’*""' 


— “1 + 2(1 + ^ {—q; q)m-iq^) 

m=l 

= -1 + 2{-q;q)oo, 


(31) 


(32) 


where the last step is valid since 

OO 

1 + Y1 = (-T q)oc, (33) 

m=l 

which in turn follows from the fact that both sides represent the generating function for partitions 
into distinct parts, with the left one doing so by separating out the largest part. 

Hence, 


E 


E 


^ (9’"+^ g)n(g^’"+^ g^)oo ^ (g”+^ g)n(g^”+^ g^)oo {q; q‘^)oo 


E 

n=0 


(<?"+^g)n(g2-+l;(?2). 


- {-q',q)c 


= -1 + {-q;q)c 


□ 


A combinatorial proof of Theorem 13.41 Theorem 13.41 yields the following partition 
theorem. We provide a combinatorial proof. 

Theorem 3.5. Let n be a positive integer. Then the number of partitions of n with unique 
smallest part in which each even does not exceed twice the smallest part equals the number of 
partitions of n into distinct parts. 
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Proof. For any fixed k, let be the set of partitions A in which k is the unique smallest part 
and even parts are < 2k. In other words, 

= {^ = (k, {k + , {k + ...) I /n = 0 if n is even and greater than 2k'\. 

We now write /„ as a binary representation: 

OO 

fn — 'y ^ 0'n,i2‘ , 
i=0 

where an,i is either 0 or 1 . Note that this binary representation is unique. Also, for ni,n 2 > k 
with the constraint that they do not exceed 2k if they are even, we have 

2 *ni = 2-^712 if and only if i = j, ni = n 2 . 

The necessity is trivial. The sufficiency is clear as well for ni = n 2 = 1 (mod 2). We now 
suppose that ni = 2 ''i( 2 a + 1 ) and n 2 = 2"^^{2b + 1 ) with ri > r 2 , and also suppose that 

2 *+’’i( 2 o + l) = 2^+’’2(26 + l). 

Then i + ri = j + r 2 and a = b. If ri > r 2 , then since ni = 2^^ (2a + 1) < 2k, 

712 = 2’’2(26 + 1) < 2 ''i-^( 2 a + 1) < k, 

which is a contradiction. Thus we can say that Aj. is the set of partitions into distinct parts of 
the form 2 *n with i > 0, n > k for n odd and k < n < 2k for n even. 

We now prove the theorem by showing that any integer > k can be uniquely written as an 
integer of the form 2 *n, i > 0, n > k for n odd, and k < n <2k for n even. 

Let k be even, i.e., k = 2m for some m > 1. For an integer N > k, we now write it as 

N = 2*M, 

where M is odd. If M > 2m, then 

N = 2*(2m + (M - 2m)), 

which is of the desired form. If M < 2m, then since N = 2*M > 2m, there exists a unique j 
such that 2m <2^M < 4m, so we write 

N = 2*-^’(2^M), 

as is desired. 

We can prove the result for odd A: in a similar way, and hence the proof is omitted. □ 

Remark. Theorem 13.41 can be proved as follows without using (1141) . 

_ gn(g 2 n+ 2 . g 2 ^^(-_g 2 n+l■ 

OO 

n=\ 

OO 

n=\ 

= -1 + {-q;q)oo, 
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where the last equality holds because if we interpret the n in the sum X^^i q)oo as 

denoting the smallest part in a partition, we obtain partitions into distinct parts. 

We now give an analogue of Theorem 13.41 for partitions with unique smallest part and all even 
parts at most twice the smallest part. 


Theorem 3.6. We have 


E 




= Q 


°° „3m 

,2 y 


E 


+ 


n=l 


Proof. Note that 


E 


{qw)nq"' 


1 


E W) 

n=. ■ 

Set a = —b = B = q^, and let ^ 0 in (fill) to see that 


(34) 


“ 49 ^;9)00 (1 I j')^ tgWiCiUg'j 


E 

n=0 


(y^;y^)n (y^;y^)oo {ql-,q)^+i 


q ^{q-,q)oo 

.,2^ / > , 3 


00 9 ni+l'i 

q\ 2 ) 


E 


(y;y^)oo 

Multiplying both sides by q, we obtain 


+ (1-9)(1-9-UE 


iE'o {q^-,q)m+i 


E 


{q;q)nq'^ qHqw) 


1 / X 00 

^00 Q 


E 


ri‘) 


^ (y;y^)n (y;y^)oo ^^Q{ql-,q)^+i 


.q^l-qh)(l-q)Y^ 


■^o{l-q-2+n{^-q-2+n 

^0 (1 -qh+-^){l-ql+^)' 


(35) 


Also, using (| 1 U|) in the first step below, then (|13|) with a = q^~^^ and 6 = 0 in the third, and then 
Q in the fifth, we see that 




00 00 

Ai+l'i 


n + j 

j 


3,- 

12-J 


n=0 i.q^iq^n+1 n=0 j=0 ~ 

iq^~^^'iq)n f"+A 


,=0 n =0 

00 

j=o 


~ g3i 


3 q3j 

(-y; y)oo(y^; y^)oo V . n 21 + y)oo(y^; y^)oo V . o n. 

^(y;y)i ^(y>y^)i 


- g3, 


(-y;y)oo(y^;y^)oo 3 x ^ 2 x t'" 

(y3;y2)oo ^ (y;y2),+i 


(-y;y)oo(y^;y^)oo . 3 ^^ 


°° g3i 


(y^;y^)c 


^(y;y^).+i’ 


(36) 


i=o 
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and 




^ (-ly^gT ^ ^ {-ir+'q'+T 

l+mw-i ^ 1 „.i+m 




m=0 


1 — g 2 ’ 




^0 1 - 1-q^ 


(1 + ^?^) El 


_ _ (jin+l 

n=0 ^ n=0 


Et 


^3n 


1 

q2 


_ fj4n+3 ) -I 1 ’ 

y j 1 — (72 


(37) 


where the last step follows from (l20l) . Thus, by (l35|) . (1361) . (l37|) . and (IMl) . we obtain 


E 


(g"+^;g)n(g 2 "+ 2 ;g 2 )^ 


g^(g^;g^)oc , 2 ^ g^(i-g) " 


(g;g^)oo(g^;g 2 ) 


+ «"E7:r: 


,rS(9;9^)j+i 

= „2 , g , g^(i-g) (g^;g^)c 

^(g;g^)i+i (g^;g^)oo (g^;g^)oo \ (g’g^)» 


°° ' n =0 " ^ 


00 

°° —-—h g^ 

1 _ o4n+l ^ 


7 ? 00 S 77 

g 2 V- g 

g 


E 1 _ g4n+l g E 1 _ g4n+3 ) ' (-^2. ^21 


+ 


n=0 


oo ^3n 


_ «4n+l ^ ^ 1 _ fl4n+3 

°° n=0 " ^ n=0 ^ 




OO Q,- 

g^ ^ g 


^^^{q;q^)j+i (g 2 ;g 2 ) 


2.^21 ’ 
OO 


where we used (pJ|) . and (fTSt) with q replaced by in the last step. 


□ 


4. Partitions with distinct parts 

In the theorem below, we show that the generating function for partitions into distinct parts 
where each odd is less than twice the smallest part is the third order mock theta function v{—q). 

Theorem 4.1. Let ipiq) be defined in (l25l) . and Lo{q) and u{q) he defined in ([1]) and ([2]) respec¬ 
tively. Then, 


E gy-g"+'; g)n(-g2"+'; q^)oo = g u:{q^) + (-g^; g')ooiA(g') 

= v{-q). 


(38) 


n=0 


Proof. If we divide both sides of the first equality in (138)) by (— g^;g^)oo, we see that proving it 
is equivalent to showing 

g’"(-g;g^)n w(g^) , 2 ^ 

E / .,...1 = g i „2.„2N + V'(g 


n-E^O 


y-g 2 ;g 2 )c 

We now apply (fTTIl with A = B/aq, a = 1, and then let 6 —)• 0. This yields 


{B^-,q^)nq^ ^ (i?^;g^)oo ^ B^ ^ (-1; g)^+i(-l)»^g(2)i?2m 

(-g;g)n (-g;g)oo (-.B;g)m+i {B‘^-,q'^)m+i 


( 39 ) 
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Next from (fTOj) . 


Dm ^ 

—^ 

CXD N 


E 


A^=0 n=0 

oo 2N 

^"=0 n=0 

oo 


m + n 
n 


2N 

n 


N=o 


where in the penultimate as well as in the ultimate step, we used m- 
Substituting (|10]l into ([39|) . we find 

^ =-JZ^YB (9,On + 2 y^ 


^ {-q]q)n v-y,yioo ^^0 ^^0 

Now set = —q (i.e., B = iq^/'^) in (HTI) to deduce that 

^ {-q',q)r l-n-rA ^ ^ ^ 


{B‘^-,q‘^)m+i 


m=0 


{-q;q)oc 

-1 

' (-9^;9^)oo 


We now evaluate 52 (g): 


S2{q) = Y 


m=0 

-5i(g) +252(g). 
g( ^ ) (-g;g)m(g;g)m 

^^o(g;g)m (-9;g^)m+i 

(-?; 9)oo(-g^; g^)oo(g^; g^)c 




(1 + g)(-g3;g2). 


(g^g^^ 


(9^;9'^)oo 


(40) 


(41) 


(42) 


(43) 


where we used (fT^ in the first step and (f25]l in the last. Note that from [H p. 29, Exercise 6 ], 


E 


g X 


m=o(^’^^)™+l m=0 


^(-xg/y;g2). 


(44) 


Using the above identity with x = q and y = —g in the first step below, and the g-binomial 
theorem ([7|) with g replaced by q^,z = — g and a = gr 2”^+2 the next step, we observe that 

OO 

Si(g) = j;(-g)™(g;g')™ 

m=0 

= y s _ 

f^o(-g;g')™+i 
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oo oo 

m=0 n=0 




n + m 
m 


2n 


'y ^ ^rn^+m y ^ 
m=0 n=0 

T,(q^}-qT2(q^}. 


2n + m 
m 


OO OO 


-■ Q m =0 


Tl=0 


2?7, + 1 + m 
m 


j g- 


(45) 


Also, 




^’i(9) = E'!”E 


n=0 m=0 

oo 


{q;q)m 

= Y 1 q^)ooi-q; q)o. 

n=0 

oo 

^ (-g;g)oo(g^;g^) 

{q]q^)oo 
= {-q;q)oo'il^{q), 


:-^,iq^;q^)r 


(46) 


where dni) with a = was used in the second step. Again using m, this time with 

a = in the second step below, we find that 


OO OO 


T2(i) = T,<i"T, 


,(”+■) (, 2 „+ 2 .,)^ 


n=0 m=0 

oo 


{Q] Q)m 

n=0 

oo 

~ {~q'i q)co{q'} q )oo ^ ^ 

^Aq;q^)n+i 




n=0 

= ‘^( 9 ), 

where the last step follows from m p. 61, Equation (2.6.84)]. 
Substituting (|46]l and (H71) into (HSl) . we find that 

Siiq) = (-g^; g^)ooV’(g^) - q Aq^)- 

Now substitute (flHl) and ()43]l in (|42]l to finally deduce 

{-q;q^)nq^ _ -1 


(47) 


(48) 


E 


^ {-q;q)n {-q^;q^)c 


= q 


uj{q^ 


(-g^;g^)c 


((-g^; g^)oo'0(g^) - gw(g^)) + 2V’(g^ 


+ Aq^ 
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K-g) 

(-g^;g^)oo’ 

where the last step results from [211 p. 62, Equation (26.88)]. 


(49) 

□ 


The result corresponding to Theorem 14.11 for partitions into distinct parts where each even 
part is at most twice the smallest part is presented below. 

Theorem 4.2. Let cj){q) be defined in ([H). Then, 


l + + (g^ g')oo(-g; g')L- 


n=0 


(-g;g^)c 


Proof. In (|14l) . we set A = B/bq and a = 1, and then let 6^0. Then we obtain 

g^)rtg”' _ (B'^-, q^)oo jjSn/ 2^ _|_ 2 (—g; g)m( —l)”^g^ 

.4__/ ( — n-n\.^ (— q’,qfi- 


n ( Q^Q/n V HiHJoo „ n 

n=0 n=0 m=0 

We now set B = qi, and we obtain 

E , , = - (-^’ 7 - E(-i)V-(g; g^)n+ 2 E 

^ {-Q;Q)r i-n-nU- ^ ^ 


n=0 


n=0 


m=0 


(-g;g)mg^"^g^"" 

(-g^;g^)m+l 


(-g;g)c 

1 °° °° ( n-A 

■ E(-i)V”feg^)n+2E^"'’'^™" ' 


(-g;g 2 Ufro 


Wi 


-1 


(-g;g^)c 


-C/i(g) + 2C/2(g). 


We now claim that 


Ui{q)=q {(j){q)-l), 


OO OO 

2io^ _i V ^ ^2 


U2{q) = Y.q^ + 2 -= 

n=0 n=l 

First, for ?7i(g), set x = q^,y = —q^ in (1441) . Then, 

OO OO I ^747. OO 

t^l(g) = E(9;g^)™(-g^)”' = E Y1 


m=0 


Next, note that from [U p. 29, Exercise 4], we have 


(-g 2 ;g 2 )^ 


= g (</>(g) - !)■ 


^ (a;g)n(6; g^)nt’^ _ (at; g^)oo(6t; g^)^ “ (a; q^)m{b-, g^)m(tg)’' 


^ (g;g)n(at6;g2)„ (t; g^)oo(a6t; g2)oo (g^i g^)m(^^i g^)m 

Now set a —>■ —q^jt, 6 —)• g^ in the above equation to see that 

E (-gV^;g)n(g^;g^)nt^ ^ (-g^;g^)oo(g^t;g^)oo (-gV^; (f)n{q^-, q^)n{tqY 

(g;g)n(-g^;g2)n (t;g^)oo(-g^;g^)c- ^ 

Let t —>• 0. Then 


n=0 


(g^;g^)n(g^^;g^)r 


(g^; g^)ng^^^'^^"' ^ n2+2n 
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Hence, 


Finally, 


S “RwwT 


m=0 

oo 


iq'^;q‘^)nq^'^^~'~‘^‘^ ^ n^+2n 

^^{q-,qU-q^;q^)n+l 


, f; g-(_g-+l; g)„(_g2n+l. ^2)^ ^ qUM ^ 


n=0 


{-q;q‘^)c 

1 - (Pjq) 

{-q-,q‘^)oo 


+ E ‘>"’-1 


1 4>{q) I / 2 2', / 2',2 1 

+ [q ;q )oo[-q;q )oo - i> 


{-q-,q‘^)c 

where in the last step we used the Jacobi triple product identity [H p. 21, Theorem 2.8]. 


□ 


5. Analogues of Euler’s pentagonal number theorem 

We begin with a result, motivated from studying a generating function similar to that of 
Puj{n), which has an interesting partition-theoretic interpretation analogous to that of Euler’s 
pentagonal number theorem [U p. 10, Theorem 1.6]. This interpretation is provided after the 
proof of the following theorem. 

Theorem 5.1. The following identity holds: 

OO ^ OO 

q 


V_ - _= V(-l)^'«®^ +^^+Hl + 


Proof. 


E 


Tt 9)n+i(-9^'^+^; g^)oo ^ {-q; g) 2 n(-g^”+^; q‘^)oo 


E 


{-q-,q)n-iq'^‘ 


E 


{-q-,q)nq'^^ {-q ;q )n+i 


{-q]q)2n+2 

i-q;q)nq'' 

(1 q){-q‘^-, q'^)oc ^ {-q^] q^)n 


E 


q'^ {q^;q^)n 

(1 g)(-g2; ^ (g. (■_g3. ^2)^ 


E 




E 


9" (-9""+»;<i")t 

(-g; q^)oo{-q^] q^)oo ^ (g; g)n (g2"+2; 
q{q^-,q^)oo^ q^ ^ 


V ^ Y 


i-q-,qU {q^;q^ 
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/ N I jmH 

q{q;q)^ 2 ^ ^, 2.^2 - 


1 


m=0 
°o , 2 

= ^E 


{-q',q^)m{q-,q)2mq^'^ 


m=0 

oo 


(g2;g2 


E / 2 4\ 

(? )mg 


2m 


m=0 

oo 




n 6n^+4n+l 


(l + g4-+2), 


n=0 


where we used ([7|) in the sixth step, ([ 8 |) in the next, and finally Entry 9.5.2 from [111 p. 238] in 
the last step. 

Remark. One can also set a = —q,b = q,t = and c —0 in [U p. 67, Theorem A^], [III 
p. 229, Equation (9.3.3)] so as to obtain 




{q^-,q^)nq^ 




^ (g; q)n{-q^] q^)n {q; g)oo(-g^; q‘^)oc ^ 


E 


{-q]q^)n{q-,q) 2nq 
{q‘^‘,q‘^)n 


2n 


(g 2 ;g 2 ^ 




{q;q)oc.i-q^-,q‘^)oc 

directly. 

One can conceive the above result through its interesting partition-theoretic interpretation 
given in the following theorem. 

Theorem 5.2. Among the partitions in which each odd part is less than twice the smallest part, 
let do{n) be the number of such partitions with an odd number of parts and let de{n) he the 
number of such partitions with an even number of parts. Then for j > 0, 

(—1)-^ , if n = 6 j^ -|- 4j + 1 or n = Qj‘^ + 8j + 3, 

0 , otherwise. 


do{n) - de{n) = 


For example, if n = 3, the three partitions to be considered are 3, 2 + 1, l-l-l + l, and do(3) = 2 
and de{S) = 1, where as if n = 4, the four partitions are 4, 2 +2, 2 + 1 + 1,1 + 1 + 1 +1, and 
do(4) = 2 = de(4). 

There is another result that one can obtain by working analogously with a generating function 
similar to that of p^ (n), namely. 

Theorem 5.3. ITe have 

OO OO 

n=0 j=0 

Proof. Starting with the left-hand side and using ([ 8 ]) in the third and the fifth step below, we 
see that 


OO ^ { 2\ n 

E «”('!"+■; 9^)00 = (9^; E 

■—n=0 


n=0 


= {q^]q^)oo{q]q^)oo'^Y~- 


n=0 


(g;g)n(g2»^+l;gr2)c 
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again by Entry 9.5.2 in [HI p. 238]. 


‘^1’0)^11 ■nhir'E 


q 


(2n+l)m 




q 




E 


,n(2m+l) 


(9;9)oo Y1 




{q]q)2mq 
1 ^ 2 . „2 


(g 2 ;g 2 

'^{q-,q‘^)mq'^ 

m=0 

oo 

(_l)™g3n2+2n(^ ^ 


m=0 

oo 


m=0 


□ 


This result also has a partition-theoretic interpretation similar to that of Theorem 15.21 


Theorem 5.4. Among the partitions into distinct parts such that each odd part is less than 
twice the smallest part, let do{n) he the number of such partitions with an odd number of parts 
and let de{n) be the number of such partitions with an even number of parts. Then for j > 0, 


do{n) - dein) = 


(—1)Z if n = 3j^ -|- 2j or n = 3j^ -|- 4j -|- 1, 
0, otherwise. 


Remark. As a side observation, we note that a similar treatment, as above, of the left-hand 
side of Theorem 14.21 leads to the following result: 


1 - 9 q^)oo = (g; g^)oo. 


n=0 


This follows immediately when we observe that 


1 - 9 X] g^)oo = 1 - q{q; q^)oo Y 


q'^{q^^^-,q)n{q^-.q^) 


2 . „ 2 ', 


n=0 


n=0 

oo 


iq-^q) 


2n 


= 1 - iq;q‘^)oo X^(-g;g)r 


.-iq 


n=l 


and then use 


and 


6. Congruences 

Two new partition functions, namely Puoin) and Puin), are introduced here. For any positive 
integer n, p^in) counts the number of partitions in which all odd parts are less than twice the 
smallest part, and Puin) counts the number of partitions in which the parts are distinct and all 
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odd parts are less than twice the smallest part. Then it follows that 


q" 


oo oo 


n=l 


n=l 


We now define two analogues of spt(n). Denote by spt^j(n) and spty(n) the number of smallest 
parts in the partitions of n enumerated by Pu}{n) and Pv{n) repsectively. Note that since the 
parts in partitions counted by Pu{n) are all distinct, sptj,(n) = Pu{n). Also, from the definition 
of spt^(n), 

CO OO 

= E 


n=l 


(1 - g^)2(g^+l;g)„(^2n+2.g2)^ 


In the following lemma, we first derive an alternative representation of the above generating 
function which will help us obtain congruences for spt^(n). 


Lemma 6.1. The following identity holds: 

OO Y) 1 

g"' 1 


E 


(1 _ g,n)2(^n+l.g)^(g2n+2;g2)o^ (^2; ^2)^ ^ 1 (^2.^2)^^ (1 - g2n) 


E 


nq 


+ 


E 


( —+ g2n^^n(3n+l) 


(50) 


Proof. Let a = l,pi = z = P 2 ^ and then let / —)• oo in Bailey’s transformation, namely 
(IISl), to see that 


E 

n=0 


{z-,q)niz ^;q)nq'' ^ {zq-,q)oo{z ^q;q) 
{q;q)n{q;q^)n 


iq-,q) 


2 

oo 


1 + E 


n=l 


(1 -z)il- Z-^)il + g2n)(_;^)n^n(3n+l)' 

(1 — zq‘^^){l — z~^q^'^) 


Now take the second derivative on both sides with respect to z, make use of the facts [U 
Equations (2.1), (2.4)] 


dz"^ 


{l-z){l-z-^)f{z) 


= /(l), 


Z=1 


dz"^ 


{zq;q)^iz q-,q) 


= (9;g)LE Y 

n=l 


nq 


to deduce that 


E 


{q-,q)nq''' 


°° nq'^ (l + g2ri)(_l)n^n(3n+l) 


{q]q^)n{i - q'^f 


Er^ + E 

n=l ^ ^ 


n=l 


(1 — gr 2«)2 


Finally, multiply both sides of the above identity by 1/{q^]q^)oo and simplify the resulting 
left-hand side to arrive at the claimed result. □ 

We now use the above lemma to prove the next theorem. 

Theorem 6.2. The following congruence holds: 

spt^^(5n -|- 3) = 0 (mod 5). 
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Proof. In [HI Equation (3.4)], the second expression on the right hand side of (1501) was shown to 
be 


1 




n=0 


Additionally [21 p. 139] 

N 2 {n) = 0 (mod 5) 

if n = 4 (mod 5), and equivalently if 2n = 3 (mod 5). Hence, to prove that 

spt^j(5n + 3) = 0 (mod 5), 
it suffices to show that the coefficients of ^^"■+3 in 


1 ^ ng" 

(7^)oo ^ 1 - c 


I-?*" 

are divisible by 5. This is one of the objectives of the following theorem. 

Theorem 6.3. Let 


OO ^ OO Yt 

n I nq^ 

r;r)oo 1 


n=l 


Then 5 j 05^+3 and 5 j 05 ^+ 4 . 

Proof. Using Jacobi’s identity for ((/;(?)^ [H p. 176], we see that 


-3(g;g)LX] Y 


nq 


n=l 


Hence 


1 ^ nq^ _ 1 

(g^;g^)oo ^ 1 - 9 ” ( 9 ; q)oo{-q; q)oo \ 3(g; ^ 


f;(-ir(2i + i)(^;‘),ci‘) 


-1 


-1 


00 CXD / • I 1 \ 


n=—oo 

OO 


j=0 


□ 


/ ■ - 1 - 1 \ 

(-l)”9”"E(-l)'Pi + l)( 2 (mods), 

=—00 j=o 7 


where in the second step we used [H p. 23, Equation (2.2.12)]. So we need to know when is 


+ 


J' + I 


= 3 (mod 5). 


Since = 0,1, or 4 (mod 5), and = 0,1 or 3 (mod 5), the only way we can get 3 mod 5 
is for = 0 and = 3 (mod 5). Now = 3 (mod 5) if and only if j = 2 (mod 5) and 
then 

'j + I" 


(2j + 1) 


= 0 (mod 5). 
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Hence 5 | 05^+3. 

Second, we need to see when is 

n? + ^ = 4 (mod 5). 

There are two possibilities here - either = 1 and = 3 (mod 5) or = 4 (mod 5) and 
(■^^^) = 0 (mod 5). The first one requires j = 2 (mod 5). Consequently in both, 

(2j + 1) =0 (mod 5). 

This proves that 5 | 05^+4- □ 


We now prove two other congruences satisfied by spt^(n). 

Theorem 6.4. The following congruences hold: 

spt^(10n + 7) = 0 (mod 5), 
spt^(10n + 9) = 0 (mod 5). 

Proof. We again use (|50|) to prove the congruences. Since 2n ^ 7, 9 (mod 10) for any n, there is 
no contribution from the generating function of —^N 2 {n). Hence our objective is only to prove 
that the coefficients of giOn+7 ^iOn+9 


1 


(9^; 9^)00 ^1-9” 

are divisible by 5. Since lOn + 7 and lOn + 9 are both odd, we only need to consider 

l_^( 2n + l)^^_ “ 

>■)_ 1 - fl2n+l ■ 2_^(^nq ■ 

n=0 


nq 


n=0 ^ ^ 


(g2;q2 

Now in EDp. 79, Equation (32.31)], we find 

^ (2n + l)g2’"+^ _ qiq'^-,q‘^)l 

n=0 


I _ q2n-\-l 




2^4 

00 


Hence 


'^dnq^ 


= q 


n=0 


(g2;g2) 

20. „20 


,41 \ 5 

00 \ / 4_ ^4,^3 

00 


00 


/ 4 4 

(g ;g 


/ 2(J 2U\ ^ 

" + I)?"""-""" (■nod 5) 


n=0 


n 

2 n^ + 2n + 1 

0 

1 

1 

0 

2 

3 

3 

0 

4 

1 


Now mod 5 
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Thus we immediately see that d^n +2 and d^n+A are divisible by 5. Finally also dsn+a is divisible 
by 5 because 3 (mod 5) arises only for n = 2 (mod 5), but then (2n + 1) = 0 (mod 5). Thus 
we have proved: 

Theorem 6.5. 5 | d„ for n = 2,3,4 (mod 5). 

Corollary 6.6. 5 | dion+ 7,5 | dion+ 3,5 | dion+ 9 - 

This then proves, in particular, that 5 | spt^j(10n + 7) and 5 | spt(j(10n + 9). □ 

Our last congruence is for the smallest parts function associated with Pu{n), and is given in 
the following theorem. 

Theorem 6.7. We have 


sptj,(10n + 8 ) = 0 (mod 5). 

Proof. Since spt^,(n) equals Puin) and thus sptj,(10n + 8 ) is the coeffcient of 
generating function 

OO 

in view of (l38l) . it suffices to consider the contribution from only. Now 

/ 2 2^ ;/ 2\ t 2 2\ d^)cxD 

{-q ;q )ooV’(9 ) = {-q )oo , n .x 

(r;r)oo 

= i-Q^-,qyMiQ^)oo 

iq^;q^)lo 




(g 2 ;g 


2'i5 


(o^' 0 ^)^ (o^' 

{q ,q )oc{Q ,Q )oc 




By Jacobi’s identity. 


{q^-^q^M-^q^oo = j;(-ir(2m + l)g2-(™+i) ^(-i)i(2j + l)g^(^+i). 

m=0 j=0 

Since j{j + 1) = 0, 2 ,6 (mod 10) and 2m(m + 1 ) = 0 ,4, 2 (mod 10), we get 

j{j + 1 ) + 2m{m + 1 ) = 8 (mod 10 ) iff j{j + 1 ) = 6 , 2m{m + 1 ) = 2 (mod 10 ) 

iff j = 2 ,m = 2 (mod 10 ). 

So for j,m = 2 (mod 10), 

(2m + l)(2j + 1) = 0 (mod 5), 


which completes the proof. □ 

As a result of the above theorem, we obtain the following corollary. 

Corollary 6.8. The coefficient of in r'i—q) is divisible by 5. 
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7. Some results on generalized third order mock theta functions 


In [H p. 78], Andrews gave generalizations of five of the seven third order mock theta functions, 
and proved that when a = ,r G Z"*", they are indeed mock theta functions. In particular, he 
defined 


UJ 




iy[a]q) := ^ 


q 


,n(n+l) 


n=0 


{-a^q ^;q^)n+i 


It is easy to see that for a = q, the above functions are equal to co{q) and ^{q) defined in ([T]) 
and ([2]) respectively. In this section, we give generalizations of two of the results from previous 
sections. For example, the following theorem holds: 


Theorem 7.1. For ja^j < |(;| < 1, we have 


4 —2 f '2 2\ 

a q ijj[a ;q ) = 


a^{q^]q^)oo , a‘^{q^;q^)oo{q^-,q'^) 


+ 


(a^;g^)oo (a^g^;g^)oo 

a^q-Hq^-,q^U 

2(1 +a2g-i)(a2;g,2)^ 


E 


r,2n-2(^2„2. „2'i 

[o: q ^q ) n-2 


n =2 
-1 


E- E 


(g^;g2)2„_i(g4n+4.^4)^ 

(-q;q\q^ 


(-a^q;q^)r 


(51) 


yn=0 n=—ooy 

When a = q, we obtain Theorem o with q replaced by q'^. It may be worthwhile seeing if 

the above theorem has an interesting partition-theoretic interpretation. 
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Similarly, for \a^\ < \q\ < 1, one has 

-1 

m=0 

2(g2;g2 


{-q^-,q^)oo {-q^;q^U^} " 


+ 


E 


{a‘^q 


{-q-,q)oc,ia‘^]q‘^)<xia^q {q]q)m{-a^q ^]q^)m+i 


(52) 


When a = q, one gets 


i 2 {-q) 


-Siiq) 


+ 2S2{q), 


{-q^;q‘^)oo {-q^;q‘^)c 

which is the identity obtained from (|42ll and (|49[) . It remains to be seen if a full generalization 
of Theorem 14.II for v{—a] —q) exists. 

We refrain ourselves from giving proofs of (|5ip and (|52p since they involve similar ideas as 
those involved in their special cases proved in this paper. We only mention, however, that one 
starts the proofs by using the following identity from [H p. 78, Equation (3c)]: 


which gives 


. . {q^;q^)oo{-q^-,q^)l , 2 -1 . 2 2 ^ 

v{-a--q) = - .4 2 .^ 4 ^ -+ “9 w(a;g), 

\uc q , (/ )qq 

as a special case when a = q. 
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